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Lecture 1:
Elements of superconductivity; superconducting
devices and macroscopic quantum phenomena.

Lecture 2:
Quantum dissipation; models and applications.

Lecture 3:
Experimental realizations and superconducting qubits.



Lecturel
A. London theory of superconductivity
Superconductivity is a property common to several
metals. Below a given transition temperature they
present,;
i) transport of charge with no measurable resistance
ii) perfect diamagnetism; Meissner effect

Phenomenologically these two effects can be
described by the following equations:



London equations

Combined with the
Maxwell equation

Result in the equation
that describes the
Meissner effect
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If the external scalar E — 2 ( AJ ) _ 1 OA

potential is zero Ot ¥ c Ot
1

This implies that Js = — A (A — Ayp)
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Choosing ( London gauge) J.| = A Ay=0
C

London equation in the 1

London gauge cA\




Quantum mechanical argument

Bloch’ s theorem for the

ground state of the <p> = 0
superconductor
applied to the system — i é
in a magnetic field p = € c
eld J vy = —TeCA Ly
1€1dS = N .ELV p— —_
$ ’ TN mc cA

and the London penetration 2 1/2
depth is given by AL =



Then, for the ground state wavefunction of the
superconductor
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“Macroscopic” wave function (order parameter)

Superconducting wave function Uo(ry, ..., g,y ..., TN)

Current - carrying wave function ( constant velocity)
UK (ry,....Tk, ..., n) = exp{i Z K- ri}Po(ry,...,rx,...,TN).
k

Generalization to position dependent velocity

U(ry,...,tg,...,TN) = €xp {zZH(rk)} Uo(ry, ..., gy oo, TN ).
k

Number and current densities

n(r) = Z/drl...drk...drNé(r — 1)V (ry, ..., Thy oo, TNV (T, oo, TRy e, TN ),
k

\P*Vk\P — lIle\IJ* 5([‘ — I‘k).

eh
J(r) = Z/drl...drk...drNQ—m
k




These imply a current density  mm) J(r) = —n(r)VH
with a number density

n(r) = N/drg...drk...drN\If*(r,...,rk,...,rN)\If(r,...,rk,...,rN),
N

If \I/(I‘l, s 'k ...,I‘N) = H ’QD(I']{)
k=1

Macroscopic occupation of a single
particle state or center-of-mass of a mmp n(r) = N¢p™(r)y(r),
translationally invariant system

Single particle wavefunction -  (r)

= /n(r)e™),
with a new normalization

Non-ideal rigidity  mm) J(r) = eng(r)vy(r) + eny(r)vy(r),



More generally, we can define the 1-particle reduced density
operator at zero temperature

ni(r;r') = N/drg...drk...drN\Ilo(r,...,rk,...,rN)\I!(’;(r’,...,rk,...,rN)
From which  n(r) =nq(r;r)

Given a general diagonal 1-body operator O; = ) ~ Oy (x;)
we can write i

A A

<01> = tr[m(’)l] — /dI‘ nl(r;r)C’h(r)

For a bosonic ground state given by a product state of single
particle wave functions (r)

n(r) = N¢*(r)y(r)



Defining the 2-particle reduced density operator at zero
temperature

na(x,y;x',y') = N(N — 1)/dr3...drN\I!0(X,y,r3, )W (X Yy TS, T )
. 1 1

we have, (Oy) = §tr[ﬁ2@2] =3 /dX dy n2(x,y ;%x,y)02(x,y)

A 1
for a general diagonal 2-body operator O, = 5 Z Os(r;, )
©,J
If the ground state is a properly anti-symmetrized product of
pairwise particle wave functions

na(x,y;x,y) = NN —1) 9" (x,y)0(x,y)

Using the center-of-mass and relative coordinates

1
rz§(x—|—y) andu=x—y



We have

1
ni(r;r') = ﬁ/du na(r,u;r’,u)

Assuming translation invariance ¢(r,u) = 1 (r)x(u)
and then n(r) =ny(r;r) = N ™ (r)y(r)
as before, but with a new interpretation.

Then (r) = /n(r)e?™). But finite temperature effects
implies depletion of the condensate (two-fluid model)

¥

J(r) = ens(r)vs(r) + enn(r)vy(r),

and also invalidate the pure state description » density
operators, ODLRO, order parameter etc.

C. N. Yang, Rev. Mod. Phys. 34 (4), 694 (1962)



Flux Quantization

Canonical momentum in an external field AVO = mv 4+ eA/c

H

X

Integrated along an open path

2
/ (mv + ZA) dr = h(03 — 01)
1

.1 . 5
Enc1r.chng a holein a | ]{ AT+ A - dr — mnhc _ ndo
multiply connected region 2€

Flux quantization > j{ A.dr = / B.ds = ngg




Josephson Effect

/

2 Ko

b = /i €'

Superconductors coupled
by a junction

Resulting equations for the

i)y = By + Ay
i)y = Fotpo + A%y

f—hél — 51 / % cos(fy — 01) + E1
1

phase and number density 7| 9A
T nin9 sin(92 — (91) = —’flg
1= i() sinA6
Josephson relations = where
. 2eV
A = —
h
. 2nA Ey —Ey 2V
Af = — — = —
0=01—02 g > and - -



B. Superconducting devices
Superconducting Quantum Interference Devices (SQUIDs)

Superconducting ring closed by a Josephson junction




Modification of the flux quantization rule

) seh2m [?
/Jdr_neh/ vo.dr - " ’”/ A.dr.
1 m oo Jq /

/V@dr—jl{VGdr—/ V.dr :>/V6dr—27m—A9
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Then 1) —|— AO = ngy. where

Resistively shunted junction (RSJ) model
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1s = 1pSInAf IN = — i. =CV
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S V :
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Using that V = —¢ — %L_ ¢ — Zosmiz_gb 4+ = ¢ + Co
0

Electromagnetic potential U(¢) = (¢ — ¢2)° _ %ot COS@

energy 2L 2m ®o

Equation of motion for the b ,
Total flux in the ring Co+ - nt U'(¢) =0




The paradigm

Electromagnetic
“potential” energy

(¢ — ¢2)°  ¢oic 21

Vo) ="—1 o T

2w L,

Po
27 L,

b0

If

> 1 = U(¢) has several minima

I

< 1= U(¢) has only one minimum

In the first case one has the following
possibilities



$,=¢,/2




The paradigm
Ina SQUID with L ~ 107'"H, C ~ 107'*F and i. ~ 107 °A

h
we have w? ~ L ~ 10%%s72. So,for T = oad < 1K

LC kB

= quantum effects of the electromagnetic field because

¢:%Ad£

Therefore SQUIDS behave like giant atoms (or molecules):

i) Energy level structure
ii) Decay via quantum tunneling
iii) Coherent tunneling



But...what is tunneling and what is the physics
involved in these processes?

\\f/ T

Fluxoid tunneling




Current Biased Josephson Junction (CB]J]s)

Phase-flux relation

Po Do
= —-——A0= —
¢ 2T 0 27‘(‘90

SQUID ring such that L — oo, ¢, — oo but ¢, /L = I,

Washboard potential

Equation of motion for the
phase

Josephson coupling energy

U(p) =—1,p—1g cosyp

®o
2T

o

O+ o+ U (p) =0

2n R
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<¢=== Washboard potential

V x I characteristic of the ==
CBJ]
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Phase slip Quantum © ©5@® @

phase slips = —
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If one vortex crosses the junction: ®

2 ¥ & & &

1
]{Vé-dlz/(ve)l -dl+/(V9)u-dl:27r
1 § >
(01 —02)y — (01 —02); = Ab, — Al =2
If N vortices cross the junction:

dN
—— = 27— ‘V:Qﬁgﬁ ) V= Qonuvrd



Cooper Pair Boxes (CPBs)

62

Charging energy E. = Tek If Lc>FEy

“ Nearly free-electron model ” for the phase in a periodic
potential

_ @ _ d
Hy=— +U(p) where Q = _Zhd(gbggp/Qﬂ)

2C
Bloch”s theorem wnq(SO) — €XpP {Z (2%3) 90} Un(‘vp)

with  u, (4 27) = uy (@)
t

where  ¢(t) = qo + Q=() and Q(t) = / dt' I, (t")

to



New Schrodinger equation (adiabatic approximation)

Haun(9) = L0 () + U(@hunl) = Bula)un(i)
where Q = —2736%

with Un (4 27) = up(P)

Band structure of the CPB

E.(n.ng)




C. Vortices in superconductors

-4rM oy




New characteristic length, the coherence length £ = £(T)

&0 = &(0) is basically the radius of the Cooper pair

Estimate of this radius:

Energy cost to create an excitation in a metal is zero, but in a

superconductor

2

EF—A<;;<EF—|—A

m

A << Er wmp Op=2A/vp

Uncertainty principle mmp §xr n — hvp £o = hvrp
op 2A



Temperature dependence is the same for £(7") and A(7)

What mattersis A\ /& . From the Ginzburg-Landau theory

Pure metals \j, /&y < 1/ V2 mm)p Type I superconductors
Pippard theory

Alloys AL /fo > 1] / \/§ mm) Type Il superconductors
London theory

The supercurrent Jg(r) is obtained from an average of A(r')
over a region such that |r — r'| < &in the Pippard theory



Condensation energy

Order parameter and penetration depth change abruptly at a

surface 1

H2
Fy — Fg = —°
87
H? H?(\N—¥&)S
If not ) FN_FS:8;+87(;( Vf)

!

In a cylinder the EM field penetrates the sample in tubes:
vortices. Creation of as many vortices as possible to reduce the
superconducting free energy. It is halted by vortex-vortex
interaction.



Vortices

Energy per unit length of a vortex in a type II superconductor

€] = 817r dS(A? |V x h(r)|? + h?*(r))

r>¢&

For RE)\L/&) >> 1, GZZEOIHK with f(): <4ﬁ_—0)\>

Z

For a distorted vortex tube with

u(z) = [ug(2), uy(2)] 7
|

2
€] (911

( - 1/2

ou\”
felz/d2’€l< 1—|— ~ —1
0z

X
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Vortices

2
Linear density of mass of the vortex lineis 71 = —5 1, kr
.
. P
Force on a vortex: in general Lorentz force: fr(r) = Js(r) x —
c
Magnus force due to the motion relative to the superfluid
velocity
P
fr1(r) = ps[vs(r) — vy X o
. . . . [ n = @,0 WoTyr
[.)1551pat1.ve and Hall effects on a stiff ¢ 701+ wir?
line myv; +mnv; +aopvy Xz =1 2.9
o — @ Wo Ty
T e+ wEr?




Elastic line

0%u(z,t) ou(z,t) ou(z,t)

0%u(z,t)  OV,in(u(z,t
i) | ) out () | Wil )

022 ou(z1)

A

X Z — €

— f;

my

We have the potential energy functional:

Hlu(z, 1)) = 70612 {% (a“éz’ ”)2 + Voin(z,ulz, 1)) — 1 -u(z,t)

— OO

= e

Vp,.n(r)E




D. Macroscopic Quantum Phenomena

Metastable configuration of the SQUID |[@i) = [Ai) [93)
corresponds to a state of the condensate
that carries zero current

Stable configuration carries a finite current  |®;) = [4) [¢f)

Total decaying state (caution)

() & e A [1hi) + /(1 —e=70) [Ay) [aby)

Another possibility is a bistable coherent oscillation between
states carrying different currents

[©5(t) ~ alt)[Ai) [vi) + b(t) |Af) [9)



They are both Schrédinger - cat like states
Pp(r,r1,..,rn,t) = a(t) Ai(r) Yi(r,r1, ..., tn) + b(t) Af(r) Yy (r,r1, .., TN)

that differ from either a macroscopically occupied single
particle state (the condensate wavefunction) or a Josephson
Effect - like wavefunction

N/2
P(X1,¥1,%X2,¥2, s Xny2,Yny2) = | | {ag) or(xi,y:) + al’ @L(Xiyl}’i)]
=1

where <,0(Xz',yz') = &g) @R(Xz',yZ‘) + a%) SOL(Xz'a}’i)




Phase slip (phase representation)

U(o)




Phase slip (charge representation)

0) =le,0)r, ® | —¢,0)R
b .

\/ \/ e

1/2 ng

’1>:’6,—26>L X ‘—6,26>R a) o,




Lecture 2

A. Dissipative quantum systems

Brownian particle; a paradigm

MG+ni+V'(q) = f(t) where

(F(t)) =0 and

(f(&)f () = 2nkpTo(t — ')

What about quantum mechanics?



System + reservoir approach

Dissipative systems are such that
H=Hs+Hr+Hr

Averages of interest

p(t) = trrp(t) is the reduced density operator of the system



Quantum dynamics (general approach)

Time evolution of the density operator of the universe (S + R)
ﬁ(g"‘?R?y? Q?t) —
/ / / / de'dy'dR'dQ' K (z, R, t; 2/, R’,0) K" (y,Q, ;. Q',0) (', R, /., Q', 0)

where R = (R4, ..., Ry)and

K(z,R,t;2',R/,0) = <x, R ’e_”“/h

r R

o R = / / Da(t') DR(t') exp{;S[:v(t’),R(t’)]}
' R’

[nitial condition p(«',R’,y’,Q’,0) = ps(a’,y',0) pr(R’,Q’,0)

leads us to p(x,y,t) = / / dx'dy’ J (z,y,t;2',9,0) p(z’,y',0) where

Tyt 0= [ [ [iRGQaR{K@R 62 R0 K (45, R 6y, Q,05r(R, Q0)}



Feynman - Vernon representation of the time evolution of the
reduced density operator (separable initial condition)

Tt 0 - | / Da(t) Du¢) exp { Sole(®)] | exp { — 5 Sly(e)] } Fla(t), (¢

Influence functional

R R
///dR/dQ dR pr(R/, Q, O/ DR(t

R’ Q’
< exp 3 {Sule (1), R + Sa[R()]} x exp— 1 {S1lu(t), Q)] + Sal Q)] }

where S = Sylq] + Srlq, qx] + Sr[qx]



B. Phenomenological approach: the minimal model

H=Hs+Hr+Hr

Two choices:
i) Realistic model for Hg

i) Simple model for H g+ constraint (Langevin equation in
the classical limit)

Choosing the second one

1

L <2 _
Ls =5 M V(g Lz—zk:qukq

1 , 1 1 C?
LR=Z§mqu—Z§mkwiqz LCT:_Z§mkIZu,%q2
k k k




Equations of motion

2
Mij:—V/ +ZCka_me]zukq

Mg Gy = —mg wi qx + Cr q

Laplace transform of the k" coordinate of the bath

qx(0) 5 qk(0) Crq(s)
32—|—w2+32+w2+m (s? 2
i i k(87 +wp)

Gr(s) =

Equation of motion of the variable of interest as a function of
time

C? 1 efuo00 32(1(5)
. / k st
MG+ V'(q) + E mkw;% 277”5/57;00 S2+wi€ ds

1 g-+1 00 qu;(())
= - — C Std
271 )., Z {32+w 52+w,§}€ >

E—1O0



e+1 00 ~
The last term on the LHS is d {Z Ce 1 / 5 4(s) et ds}

dt | < miwi 2710 Jo_ise S+ wi

or %{me’;i /0 cos [wy (t —t')] q(t’)dt’}.

k

The term on the RHS is a fluctuating force such that

—

(g:(0)) = @ and  (4x(0)) = (4x(0) Agx(0)) =0,
Equipartition I T
theorem —  (dk(0) g (0)) = ;;k Ok’
kT
_ (Agr(0) Agr(0)) = mj:w,% Okk’

Transforming sums into integrals through



Gy

mp Wk

the spectral function J(w) = g Z

0 (W — wg)

and modelling it as

Aw’ it w< §—2
— 8 h Al =MT
J(w) { 0 if w>Q where [A;]

one shows that for ohmic dissipation, s = 1 and [As] =, it
yields

MG+nq+V'(g) = f(t)
(f(®) =0,
(f(&) F(') =2nkp T (t —t')
Classical Langevin equation for the Brownian motion

0 <s <1, subohmic case and s >1, superohmic case.



Other forms of the same model: velocity coupling

If we write the Lagrangian of the whole system as

L=Lg+Lp+ L 7 (notice there is no counter - term! )

where l~}_r = Zék qqr with (. = é’k W
k

and go over to the Hamiltonian formalism, we recover
the original model (with the appropriate counter -
term) after performing the canonical transformation

Pk
mi Wk

P — D, q— q, Py — MWk qx, and qi —



Other forms of the same model: translation invariant bath

If in the original system we make the replacement

Crqk my Wi P
qr. — 5 and pp —
mp Wi ('

p’ Pi 1 2 2
weget H = —+V(q)+z 5> — + sk wi (g — q)

oM —\ 2, 2
Ci m 3
where [ = - ) J(w) = - E px wi 6(w — wg)
MW, 2

Manifestly translation invariant if 1 (¢) = 0!



Mechanical analogue

Manifestly translation invariant if V' (¢) = 0!



The influence functional

Fla(t), y(t')] = / / / dR’ dQ' dR pr(R’,Q’,0) / R Q]i{DR(t’)DR(t’) x

R

< exp {1 [S1[a(¢). R()] - S1ly("), Q)] + SrIR()] - SplQE] .

Forced harmonic oscillator action

L mipWwi 2
S£l> = sl KR% + R}, )coswk;t — 2R, R,
4 2Ck "’/ z(t)sinwgt'dt’ + —~ / (t")sinwy, (t —t)dt’
MWk mrpi Jo

2 2
Ci /dt/ dt z(t")z(t sinwy (t — ¢)sinwy, t}

mkwk:



averaged over

pr(R,Q,0) =[] o} (Rt Q1. 0) =
k

MpWi MWk 2 2 hwy,
a H 27Thsmh( o ) P {2hsmh( hwy, ) KR;“ + Q;f >COSh<kB—T> B 2R;€Qk} }

Resulting super-propagator

T, .24/,0) //m Dy(t)exp - { Sola(t)] - Soly(t)]-

/ / drdofe(r) - y()ar(r - o)ale) + (o)}

T

X exp — ;O//dnla (T)]ar(T —0)[z(o) —y(a)]}

0



Time kernels

ap(t —o) = Z Ci coth Il cosw (T — o)
1 N . 2mkwk 2]{73T ¥

c:
aj(t—o0) =— Z Qm:wk sinwg (17 — o)

Under the previous choice of the spectral function the
final super-propagator is

r Y

J(z, 2’ t;y,y',0) Z//Dw(t’)Dy(t’>

X eXP%{So [ (t")] = Soly(t)] — MV/(iEi —yy +ay — yi)dt,}

xexpWJidww coth i x/t/Tdea[x(T)y(T)]cosw(Ta)[x(a)y(a)_




The equilibrium reduced density operator
Full operator (zRle PH|yQ) = p(z,R; 2, Q, B)

Path integral representation

waxme—/U/zm P)DR(7)exp — 3 Sila(r), R(r)

Euclidean (imaginary - time) action of the complete system
hf

Sela(r), R(r) = [ dar

0

+Z(C’ qR +1m RQ+1m wiR? + Cid” )}
kkakRQkkamkwk

1




Reduced density operator of the system

.y )= [ dR oo Rig.R.5) = [ Da(r) [aR [ DR(r)exp—3 Sela(r). R(r)

Final form  p(z,y,3) = ﬁo(ﬁ)/ Dq(T) exp — %Seff[Q(T)]
)

Effective euclidean action

9

ot = [ ar{guit s v} v g [ [ arate o) - )}

Imaginary time kernel

oh I
alt —7') = Z 4777J]€"z%ez><p —wilT =7 = %/0 dw J(w) exp — wg|T — 7'
k

Ohmic N
dissipation (T =) =50

M 1
2w (1 — 77)?

o
/ dwnwexp —wi|T — 7’| =
0




C. Applications

V(x)
, 1
AX)
/ot \ P
Initial state
X

A.O.C. & A.]. Leggett
Physica A 121(3), 587 (1983)




1/2
Time evolution plx, x,t) = ( 2ml2 ( t)) exp — 20; 0 (x — 2o(t))”

Center of the wavepacket

P o
_n _ ro(t) = ——sinwt e 7
(7= 537 and w=y/wi—1*) Mw
' > 1 2
Wld,th a,t 0?(00) = E/ dv coth hw ZV \
equilibrium T Jo 2T \ M (2 — 12)° + 49202 )

hv

0?(00) = —/O dv coth ﬁx”(y)




Behavior of the width at zero temperature for any
value of the damping constant

h Y
2 — =
o7(00) = 2Mw0f (@) (O‘ - w())
( 1ia2 ( — %tan_l 1ia2) se a<l
fla) =4
a+vVa?2—
Bt v se a>1

Finite damping always reduces the width



Initial state

¥, (X) v, (X) @

X

VVq?

- 2 2
P(x) = 1 (2) + o) = N [exp R (x 4;50)

A.O.C. & A.]. Leggett
Phys. Rev A 31, 1059 (1985)



Initial density operator
/0(33/7 y,a O) = P1 (xla ylv O) + ,02(33/, y/7 O) + pint(xlv y/7 O)
Time evolution p(x,t) = p1(z,t) + p2a(x,t) + pine(z, 1)

Linearity of the time evolution

laint(aj)xat> ://d$/dy/j($,ﬂ3,t;$/,y/,0) ﬁint(mlaylao)

Pimt (1, £) = 23/F1 (2, D)/ (2, ) cos (1) exp — (1

Attenuation factor exp —f(t) ~ exp —T't




Decoherence rate

¢ ( 2NET :
it vy <w
high temperatures (k< 1) < 2%‘;{%12 : ! ’
\ hwo ﬂ lf v > “o
[' =<

o € ) : >>1>KN7 if v <wg

OW temperatures K < 2 :
\ W p \ N;}_'?/ if Y>> Wo

is also the average number of energy

N = z5/40” NS
quanta initially in the system

k = hiwo/kT is an inverse dimensionless temperature



Decoherence: Supression of the interference between
wavepackets of a harmonic oscillator in a dissipative
medium




Subtle procedures of preparation of quantum mechanical states

allow us to build the following “Schrodinger cat” state
either 1n optical cavities where one has the superposition of two

coherent states of the electromagnetic field
w)=|a)+|—a)  BruneM. et al PRL 77, 4887 (1996)
or 1n atomic traps where

w)=|w))+|lwy)  Monroe C. etal Science 272, 1131 (1996)
represents a superposition of two spatially separated states of the

1on, exactly like we proposed 1n the case of the harmonic
oscillator



pea(®. Ry, Q. B8) = Y tn(z, R)¥;(y, Q) exp —BE,

fual.9.9) = [ dRp.y(eRiyR) = [ IR . R) 0 R) e



Path integral representation

ooy, B) = / IR (zR]e~ |yR)

337R / / S / /
— [ar [ Do) PR() exp - SE fa(r). R
y,R
Low temperature behavior

0,.R
/ dR |1 (0, R)[2e~"Fo/h ~ / IR /0 i Dq(T')DRW)exp—%E[q(T’),R(T')]

Final form

70.0.8) = j0(5) | Da(ryexp ==L q(r')



Effectice euclidean action

el = [ v v fars L[~ [ " ) —atr)Y”

Decay rate

7l — T

I'=Aexp—

B

h

Effectice euclidean action at the bounce solution

B=Suslal = [ {guia v bar o L[ ar [ ar G ‘qc,§)2>}



(I~

KT® K TO kT

Correction for low damping AB = 4—2( (3)aBy = —¢(3)n4y
T T

12

Action for strong damping | = 2=

2T
9

ngg + O (ﬂ\

o,

Classical decay rate (Arrenhius)

A.O.C. & A.]. Leggett
Annals of Phys. 149, 374 (1983)

'3

~ Aq(B) exp —FVo




Quartic potential

ha l\ /l by Vig) = —%mw%qQ + %q‘l (A >0)

Two lowest

1 1
lying states VE = ﬁ(wR +r) and o = ﬁ(wR — L)

Energy splitting hAq = Ep — Eg o« (Yr|H[YL) = (Wr|H|[YR)

e
=
—~
)
—~
-
—
~
|
|'Q
-
~
)
—~
N
~—~
~—
|

%0 cos Agt



Quartic Hamiltonian

2
D 1 Z Z Z 1 2 2

A.]. Leggett et al.

truncation
Rev. Mod. Phys. 59, 1 (1987)

Spin - boson Hamiltonian

1 1 1
H:—§hAax+—eaz+—qoaz§k:quk+ —I—Z my, Wi qi

2 2 ka

k



Spin - boson analogous to NMR: Bloch equations (¢ = 0)

dS; Sy — 531
dt T,
P(t) = (5:(t))
dt  — ° T :
d= P 1 dP
| A’P =0
d5: _ —AS at2 Ty d
dt J B
Perturbation theory in the 1 B 1 qO BhRA
spin - boson model ﬁ — ?2 ZHJ(A) coth —— 5

In general 271 > Ts



Solutions _ngd




phase diagram

—
A (b)
Dimensionless dissipation and
renormalized splitting o
/() @
o=l g A= A[é] T (©
2mh " Q

<q(t)>




phase diagram
|_
A (o) (b)
Strong damping and/or high
temperatures akpT/h > A, (d)
/ (e) /(a)
f

Exponential decay

t _ v T(a) A2 rrkpT1*®
P(t) = exp — — = r
(t) = exp T " 2 F(og—l—%)kBT/h{hAr}
A
-
v (b) and (c)




Exactly soluble model

a=1/2

Exponential decay

<q(t)>

phase diagram
|_
A ) (b)
(d)
(e) (a)
[ /
(c) o
(b) and (c)




phase diagram
I_
A () (b)
Weak damping at zero temperature
T=0and 0<a<1/2 (d)/ ©) @)
f

@ (c) o

Oscillatory decay Aess = [T(1 = 2a)cosma] T A,

P(y) = Peon(y) + Pinc(y)  where y = Acpyt

SRR S (3| W Y ERE N

1l —«
sin2rar [° pra—le—zy
Pznc(y) — / dZ
0

T 22 4+ 2220c082mr + zAa—2



AN
7 (d) ==  QOscillatory decay
q,/2
t
A
v

Incoherent relaxation =)

T=0and 1/2<a<1
q,/2




D. Collision model (quantum)

For fermionic or bosonic p* - = p?
: H=_—+ U(q—q;)+ C
environments 2M Z (4= a) Z 2m

. N
Performing .the unitary (translation) 7 = exp _% > “pja
transformation j=1

N
1
one has H’:L{Hu—lzm P—ij +Z<

In second quantized form

1
H = o7 | P~ Z hgija,:-raj + Z(hﬁz — u)ajai
]

1.,
where g¢;; = ﬁ@’p/m



: : . 1
Gaussian approximation F|x,y| = exp —%(I) rlx,y|exp — %CI)R %, y]

t t’

D, / dat / a" (@(t') — G )AT L (' — ) (&) + ("))

where — 0 0

t t
= /dt’ /dt Mg — ") (") — y(t'"))
\ 0 0
B 1
Tr(t) = 9i5 12 (M + 75 £ 2mm;) cos(Q; — Q)¢
with — o Z
B Z]gw| (7 — ;) sin(Q — Q)i
which with the help of S(w,w’) Z 95120 (w — Q)0(W" — Q)

allows us to define



v(t) = ]\Z drc‘;t = /dw/dw S(w,w") n(w")](w — w') cos(w — W)t
D(t) = dd;R = /dw/dw S(w,w") + 7w’ £ 27(w)A(W")](w — w')? cos(w — W)t

For a repulsive contact potential U(q — ¢;) = Vhad(q — ¢;)
we have in the long time approximation

v(t) =~(T)s(t) with F(T') = — 27ThM/dEER( )jg

I : mVia?

and R(E) = B+ with F, = 573

A.O.C. & A. H. Castro Neto
Phys. Rev B 52, 4198 (1995)
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in the fermionic case but they present no special difficulty
either. It is a very easy task to show that the occupation
number for bosons has the following assymptotic limits:

THLL L smLr

fermions
o kgT
_ E4ipl
n(E)=e %7 , E+ |u| > kaT- (4.23)

Observe that for bosons the chemical potential w is ai-
ways negative.!?

Now, if we assurue that, when T — 0, u{T) behaves
27
as

- krT

y -
Once again following our precedure in the fermionic case
we can also study distinct temperature dependences of
the damping constant as we show below.

(a) Eo >» kgT; here 4 vanishes aDDSONSd increases
with temperature as in (4.33). When kT >» Ey > kpTh
it decays as 712 and, consequently, it must present a
maximum at intermediate temperatures {Ep > kT »
kaTo).

(b} Eg — oc; the low temperature behavior is the same
as before but now one can never go beyond the regime
Ey > kgT » kgTy and therefore ¥ behaves like T2,

Notice that we have not analyzed above the condition
kpTy > Fo because it does not make sense for bosons. In
this case the strength of the barrler is below the minu-

ST AT

fermions

4204 A. O CALDEIRA A

lowering its zero temperature value,

The classical limit, which we define as kT 33 FEp, ca
also be analyzed if we use that in this limit the Ferm
oceupation number is the same as in the distingnishabl
particle case, namely,!?

1 1w +=17

But RG perturbation theory
for the 1 - D fermionic bath

Y(T) ~T"

Gaussian approximation is not
appropriate

'A. H. Castro Neto & M.P.A Fisher
Phys. Rev B 52, 4198 (1995)



Motion of topological excitations (solitons, vortices, etc)

Alternative way relies on the L(z,t) = 1 (¢2 — ¢ 2) —U(9)

fact that given 2
Localized solution of ¢ — ¢" = — (9(@ behaves as a
particle in a medium ¢

Boundary conditions lim ¢g(x) = minima of U

x—F 00
Solution bo(2)
¢ = (‘Ng_gb) + Lorentz transformation
Po(x)
r— To= =k / 49 x
$o(xo) 2U(¢)




Collective coordinate ;. 4y — 4, (z — ) + Zqz ni(z — X(t))
method

. . . 2 2
Second functional derivative _ dd -+ Ccll (2] ni(x) = win;(z)
at ¢0 (x) : L ¢ Po
R 42U
- _ T 119
H = N (P Penv> + ;mmbmbm d¢2 p

Peny ZDmnb by, +Zcmn (bimby, — bl,b1)

wn wm >
3y \/ wn] e NIV
1 / Wn / wm
mn B Z [ W wn ] e
For bright solitons in BECs
M (

Gmn = =5 / ) (Vi D. K. Efimov, ]. Hofmann & V. Galitski
—o0 Phys. Rev. Lett. 116, 225301 (2016)




Lecture 3 U(o)

A. Experimental realizations

CBJJs _—
00 T T | T >
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b C=428+034pF :
R =9.3+0.1 ohms ]
200 _
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o 100 _
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P switch

7€
-

Friedman]J. R. et al ey 5
Nature 406 (43) 1= s
2000 o, e
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Chiorescu 1. et al. Science 299,
1869, 2003

SQUIDs

A . Rabi oscillations B
80_ 0.6"' ®
s 0.5 | o)
il 18
= 40- A=0dBm {2
- >
[— 0.4‘ Q
B 80 -
] 18 -
360— 0.3 g
a e
= 15
€ 40 A=-6 dBm <
5 024 &
= 804
S
7]
60 - 0.1+
40 - A=-12 dBm MW amplitude
r—r—r— 0.0

P Pt s ST N D o0\ Jue ey (T S |
0 10 20 30 40 50 60 70 80

Pulse length (ns)

90 100 00 05 10 15 20

10~20 (3.u.)

Switching probability (%)

golA Ramsey interference
70
60
50
w2 2
) 5 10 15 20 25 30 35
Distance between two w2 pulses (ns)
70 - B
- Spin-echo
60 -
| 72 ) n n2
50 ‘ [n L] T I. L } ] L] HI_

-25

I I I
20 15 -10 -5 0 5 10 15 20 25
Position of & pulse (ns)



Vortices in superconductors

Type 1l superconductors

. %ﬁ\“/

<—§—>

~




High T, superconductors

These are type 11

A > £ (\is the penetration depth and § is the

correlation length)
Quantum fluctuations are important!!

Vortex motion generates dissipation!



Vortices pinned by impurities

i
)

Pinning by columnar defects

\l/ it

==

.‘)

* W\

i
)
//

Intrinsically pinned vortices

,H/ 4%5/’
/




The dynamics of the transverse displacement of
vortices can be described by equations like

1 O° 9,
2 at(f -1 a(tﬂ V2§D:_U'(§D)

where the potential U is of the form

—

S

N

>




Equivalent mechanical problem

ID - string

But...dissipation tends to inhibit quantum effects !



Experimental realizations

Y Ba, Cu,; O, Thin films

¥ O H=H

) ~———

100 /T (K™)

Sefrioui Z. et al. PRB 63,
054509, 2001



Ultra-thin current-carrying

superconduncting bridges
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B. Superconducting qubits
Fundamental requirements for good qubits (DiVincenzo)

i) well-defined two state systems

ii) accuracy in preparing the initial state

iii) long phase coherence ; order of 10* coherent operations

iv) controllable effective fields

v) quantum measurement to read out the quantum
information



Model hamiltonian H = H g, + Hpeqs + Heno

N
Hp, = —% Z B(i)( g 4 Z Z Jab C(Lz)gl()j)
1=1

1#7 a,b

a,b=ux,y,z2

We consider only 1 qubit coupled to its environment.



Flux qubit

This is the model we introduced before study quantum
coherent tunnelling of the flux

1 1

H — __Bz z _Ba: T
Jaqb 2 g 9 o
When the external flux bias is about half flux quantum
z 1 .
B.(6:) = dm/63, ~ DE; (22— 3)  BL = 2mLio/do
o 2

This represents the bistable potential at half flux quantum.

We have addressed this problem before.



Charge qubit

2

Charging energy [~ = 300 f+ o
EJ n CJ Cooper pair box Hamiltonian

1 Cg Hegp = 4Ec(n — ng)2 — Fjcosyp

Canonical momentum 19 — —ih—9




VoV

if n, = % our hamiltonian becomes o /N

E(nng)

1/2 Ny

Hegy = Y, [4Bc(n —ng)°n)(n| — §E5(|n)(n + 1] + [n + 1){n|)

Within the two-dimensional subspace
[ T)=ln=0and|])=[n=1

New two-state system hamiltonian H,,, = —1B,0, — $B,0,

B, =4Ec(1 —2n,) and B, =F;

Transverse field can be tuned with
a new circuit design

B, = E;(¢,) = 2E9608(7T%)




Phase qubit and transmons

Ule) J. M. Martinis. S. Nam,
and J. Aumentado,
Phys. Rev. Lett. 89, 117901, (2002)

******** - I(t) = 1qc + 601gc(t)
? +1 e (t) coswiot + I ws(t) sinwiot

01ac(t), Luwe(t), and I ,ws(?)

slow in comparison with 27 /(wg — wa1)

H(t) = % 5T4c(t)

OFy o, h oy \/ h
E— — I WC t I WS t
8Idc + 2 2(,0100 H ( )_|_ 2 2&)100 H ( )



E(m,n

;)

n=7/2 n=1 n
g g ¢

2m—+3
oy 2 2By N 8E;
Emny o DR T 0B ) PV R
n= 1/2 n= 1 n,
E
Em( = —EJ+\/8EJEC (m—|— ) 1;(6m2+6m+3)



Decoherence

System dominated hA
. —1 2
regime hA > akpT Tret = TOSIN"A Acoth 2kgT
_ —1
A = tan (Bx/Bz) 1 1 1 2)\ QkBT
A= /BT B2 o T g Tra TTACSA T

In general H = qu + Z o -1, (Z CC(LZ)q ) —+ Z Henv

hA
2
WAE > Z%‘kBT T = Z T a; SIn” AcothszT
- 2kpT
cosA; = B - n;/|B| T, =3 T+ Zﬂozzcos -




Experimental results

C r Pair B D. Vion et al Science 296, 886
oOpeEr o (2002)

A

1
preparation ! "quantronium” circuit ' readout

1 ]

i :

i : J-EC

| :

1 ! ]
i % B -
' “ | large
1 B
VO I { =1 junction
1 SyEh!

c pn oA
ut) B ;j‘l.: s

. td . !—\
Ib(t) TR IIP
Vih
V() iR




Rabi oscillation and
Ramsey fringe
experiments to
measure the
Switching probability

E; =0865kpK

Ej/Ec =1.27
T'=15mK

T ~ 0.50us

1/vp1 =~ 60ps
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Potential Energy

Excited CBJ]J 2(2.0Y0121)et al Science 296, 889

Measurement of the decay rate of the excited state of a
CBJJ via Rabi oscillations

>
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If Fc < E; and the CB]J] is subjected to a “gate
voltage” we have a transmon

Transmon qubit

Substrate

Dielectric N\

Qubit pad

Qubit inductor

Non-Linear
e.g., Josephson Junction

Image: Zlatko Minev
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Final comments

a) Importance of properly chosen superconducting systems

to study quantum mechanics at system sizes larger than usual.
Particular emphasis given to superconducting devices, but the physical
phenomenon underlying this possibility is also present in bulk
superconductors, BECs and in many other systems.

b) Those characteristics of the chosen systems, on the other hand,
make them very sensitive to the coupling to the external world.

Macroscopic quantum phenomenon and dissipative effects are, in
principle, inseparable.

c) Semi - phenomenological approach to quantum dissipation has
proved quite useful for treating problems as ordinary relaxation,
decoherence, decay by quantum tunnelling or coherent tunnelling.



Final comments

d) Feynman path integral method provides us with a unified way to
tackle all these different problems. It also allows us to deduce master
equations for describing our systems under certain circumstances.In
particular, these are valid either for high temperatures at any damping
or very low damping at any temperature.

e) The collective coordinate method (collision model), very familiar to
field theorists, can be very useful to study the dynamics of topological
excitations in material media. Examples are, bright or dark solitons and
vortices in BECs, skyrmions and domain walls in magnetic systems etc.

f) Experimental realizations so far; vortex dynamics in bulk and 2 - D
superconductors, superconducting devices, magnetic particles, and
nanoelectromechanical devices among others.



Final comments

g) Relevance for:

- Testing quantum mechanics at the macroscopic level. Foundations:
quantum theory of measurement ?

- Improvement of the coherence time aiming at technological
applications; quantum computing and quantum information. Qubits.

- Quantum engines and quantum thermodynamics.

- Other applications ommited either for the lack of time or ignorance.

Thank you !



Vortices

Fraction of electrons per unit length localized within the flux
tube 27¢*N(Erp)de where de ~ hvp /7€ and

N(Er) = mkp /27 h°

Change of the confined mass of electrons within the core

m656/EF

Linear density of mass of the vortex line is

2
m; = —smekp
7

This linear density can also be of other origins
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